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1. Introduction

Since its introduction [18] the singular value decomposition (SVD) has been exten-
sively used for a wide range of signal processing problems [6,11,21], from optimal precoder
and equaliser design for multiple-input multiple-output (MIMO) channel matrices of
complex gain factors [22] to broadband problems whose channel matrix is determined
by impulse responses [8]. In the last case, though, the SVD ignores time or frequency
correlations in the signals leading to loss of spectral coherence [26].

The focus has therefore shifted to the computation of the SVD for matrices with
entries in functional rings and fields, in the hope to retain more information and regu-
larity from the signals without having to process each time step or frequency separately.
In this context, several algorithms for a polynomial SVD (PSVD) of possibly rectan-
gular matrices have been recently developed, performing an approximate factorisation
into Laurent-polynomial matrices. The use of PSVD algorithms extends from generic
problems [9,20], finding application in various practical scenarios such as MIMO com-
munications [1,2,7,13,19,23], the equalisation of filter bank-based multi-carrier systems
[10,15], or broadband beamforming [28].

Despite the fact that the algorithms in [5,9,14,16,17] are proven to converge to a diag-
onal matrix, it has not been until recently [27] that questions about the properties of such
outputs have been raised to understand what these algorithms are actually converging to.
In the past, studies have shown the limits about the existence and uniqueness of an SVD
decomposition of analytic matrices with respect to a real variable [12], also in the case
when the entries present a common period [4]. The purpose of this paper is to continue
the investigation about the existence of the analytic SVD of a (possibly rectangular)
matrix, and study how changing the constraints on the wanted factorization may lead
to more regular decompositions. The main contribution, in a signal processing context,
is that any system can be brought by paraunitary operations into a block-diagonal form
containing pseudo-circulant matrices. This is quite profound: it means that any arbitrary
arrangement (concatenations, nesting, etc.) of multiplexed systems can be converted and
decoupled into a parallel form.

Consider a (possibly rectangular) matrix A(z) that is holomorphic on the unit circum-
ference S'. It can be equivalently represented by the Laurent time series with coefficients
A[n]o—eA(z) or by the analytic and 27 periodic matrix on the real line A () := A(e/%).
When L is a positive integer, then with B(z'/*) we denote a matrix whose entries can

1L called Puiseux series with index L,

be written as Laurent series in the variable z
that converges on an annulus around S', and can be equivalently represented by the
analytic and 27 L periodic matrix on the real line B(Q) := B(e/®*/%). See [3, Section 2.1]
for a more detailed discussion on the topic. From now on, any matrix, vector or scalar

1/L

function depending on some complex variable z or z is intended to be analytic with

respect to the relative variable at least on S?.
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Fig. 1. Singular values of A(z) in Example 3 drawn with respect to the angle Q on the domains [0, 27] and
[0, 87].

In [27] and [3] it has been proven that any rectangular matrix A(z) admits an SVD
A(2) = U BEVE VIV (1)

for some positive integer L, where X(2'/1) is a diagonal matrix and U(z'/1), V(z!/F)
are para-unitary matrices, i.e. U(2)UP(z) = I with the para-Hermitian operator {-}©
performing a time reversal and complex conjugation U (2) := [U(1/2)]¥. Moreover, the
diagonal entries of E(zl/ L) are real for any z € S, and thus their absolute values are
exactly the singular values of A(z). The difference with a traditional SVD is that we
allow for the singular values to be also negative, which is a necessary requisite in order
to retain the analyticity of the factorization.

The parameter L comes from the presence of multiplexed singular values and (an
odd number of) zeros of the singular values o;(z'/%) in 2(2'/F). A visual example of
multiplexed singular values is given in Fig. 1 where we represent the analytic singular
values of the following matrix A(z)

2 V2 V2 0
V2271 3 -1 V2(1 + 2)
V2271 -1 3 —V2(1+2)

0 V2(1+z7Y) —V2(1+27Y) 4

given by the expressions

[N
Bl
N
N
PN
—

+z

o1(€) = 4cos (%) =2(z ), 02(€) = 4sin (%) = 2i(z~
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Q 1 1.9 Q _1 1.9
03(Q2) =4+ 4cos 5 =2(z1 +271)%, 04(Q2) =4 —4cos 3 = —2(z71 — z1)

where we have substituted z = ¢'2. In this case none of the singular values are analytic in
z, but they are all analytic in z'/4. 73(Q2) and 04(2) have both period 47 and o3(Q+27) =
04(Q), 04( 4 27) = 03(f2), meaning that o3 restricted to [2m, 47| will coincide with o4
on [0, 27] and vice versa. On the other hand, o1 (£2) and 02(€2) have both period 87 and
01(Q+ 27) = —02(Q), 02(Q + 27) = 01(Q), so their 27w-shifted plots coincide up to a
sign change. In this case, we can split the singular values into the orbit {o3, 04}, that we
call 2-multiplexed, and the orbit {o1, 02} that we call signed 2-multiplexed.

In general, the singular values of a rectangular matrix A(z) can be partitioned into
orbits such that k-multiplexed singular values are in orbits of cardinality k, and

O’i+1(Q)EO'Z‘(Q+27T), V’L:L,ka
lo1(Q)| = o (2 + 27)| = |01(Q + 27k)|, (2)

where 0;(Q) = o;(e’*L) and |04(Q)| # |0;(Q)] for every i # j. In case 01(Q) =
o (2 + 27), we say that the singular values o; in this orbit are k-multiplexed and they
are analytic in z'/*. If instead o1(Q) = —ok(Q + 27) we say that the singular values are
signed k-multiplexed and in this case they are analytic in z!/2*.

As a way to get rid of the multiplexed index L and return to classical holomorphic
functions, it has been shown in [24,25] and [3] that any square para-Hermitian matrix

A(z) = AP(2) admits a decomposition
A(2) = U(2)C(2)U" (),

where U(z) is para-unitary and C(z) is block diagonal and each block is pseudo-circulant,
i.e. for each block of size N there exist some functions ¢o(z),...,¢n—1(2) such that the
block has the form

oo(2) 2 lon1(z) ... 271y (2)
$1(2) Po(z) :
271¢N71(2)
on-1(2) e $1(2) $o(z)

and each block coincides with a different N-multiplexed orbit of eigenvalues of A(z). In
fact it can be proved that all the pseudo-circulant matrices of size N are diagonalizable
by a same para-unitary matrix W, (z'/) and that their eigenvalues {\;(z*/V)}iz1. N
are always a N-multiplexed set. Viceversa, given any a N-multiplexed set as elements
of a diagonal matrix D(2*/V), then the matrix W, (z/VM)D(zV/NYW,,(2'/N)F is always
pseudo-circulant and in particular it will be analytic in z.

With respect to the above pseudo-circulant eigendecomposition for para-Hermitian
matrices, whose blocks are determined by the multiplexing of the eigenvalues, when
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dealing with singular values we have also to be wary of possibly signed multiplexed
orbits, that are less regular than the not signed ones.

Here we show the existence of different “singular values” decompositions for any (pos-
sibly rectangular) matrix A(z), where we relax some constraints on the structure of the
SVD in order to gain more regularity.

First of all, we refine the decomposition in [3,27] and find an analytic SVD

A(e?) = T(QEQV(Q)T,

where the diagonal matrix 3(2) may have negative entries and contains the singular
values of A(€) up to the sign, and for each non identically zero singular value o () that
is (signed) k-multiplexed, the associated left and right singular vectors present the same
(signed) multiplexed behaviour.

Then we allow for complex singular values in order to get rid of the signed multiplexed
orbits, i.e. we find an analytic SVD

A(e?) = U@)S(QV(Q)",

where S(Q) is a diagonal and complex matrix, with diagonal entries s;(€2) whose abso-
lute values correspond with the singular values of A(e’$?). The functions s;(f2) are still
multiplexed, but they are no more signed multiplexed.

Leveraging on the latest decomposition, we then prove that, even in the rectangular
case, any A(z) admits a pseudo-circulant decomposition of the form

A(z) = U(2)C(2) VT (2),
where C(z) is block diagonal and each block is pseudo-circulant.
2. Periodicity of singular vectors

Let A be a (possibly rectangular) matrix with distinct non-zero singular values
O1,...,0p, Where each singular value has multiplicity ¢;. In the SVD A = uxvH,
the matrix 3 is diagonal, real, nonnegative and contains the singular values o; with the
respective multiplicities on the diagonal, plus possibly some zeros. The factorization can
equivalently be written in dyadic notation as

P
A= ZUiUinIa (3)
i=1

where Uj; are the ¢; columns of U containing the left singular vectors relative to o; and
V,; are the g; columns of V containing the right singular vectors relative to ;. Even if
the SVD is in general not unique, a known result is that each factor A; := U,V in
(3) is uniquely determined by o;. Moreover, suppose the singular values in 3 are sorted

Please cite this article in press as: G. Barbarino, On the periodicity of singular vectors and the
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so that repeated singular values are consecutive on its diagonal (not necessarily in some
order). If now we take the two EVDs AAY = Q;D;Q¥ and A A = Q,D2Q% where
D;, Dy are real, diagonal, nonnegative and present the same nonzero eigenvalues \; = o2

on the same positions as the relative singular values appear in 3, then
A=QZeQ], (4)

where W is a square, block diagonal and unitary matrix, each block relative to a repeated
singular value, with size equal to its multiplicity.

When dealing with analytic matrices A(t) depending on a real variable ¢, we already
know that there exists a ‘SVD’ decomposition:

Theorem 1 (Analytic SVD on a real interval, [12]). For an M x N matriz A(t) that is
analytic on some interval of R, a decomposition

A() =UM0E@BVHT (5)
exists with analytic unitary U(t) and V(t), and analytic, diagonal, real-valued X(t).

The decomposition (5) is not exactly a SVD since the diagonal elements of X(t)
are permitted to be negative real numbers, but their absolute values coincide with the
singular values of A(t). The negativity of the singular values, though, is an essential
hypothesis to guarantee the analiticity of the decomposition, so from now on we call (5)
the analytic SVD of A(t). The necessity of this hypothesis is shown by the following
example.

Example 1. Consider the 1 x 1 matrix A(t) = 2cos(t/2)el*/2. A unitary 1 x 1 matrix is
just a unit norm complex number so in (5) we can call y(t) := U@)V()H, |y(t)| = 1,
o(t) := 3(t) € R and find that 2cos(t)e?*/? = y(t)o(t) from which |2 cos(t/2)| = |o(t)]
for every t. Since y(¢) and o(t) must be analytic, the only two possible factorizations
are o(t) = 2cos(t/2),v(t) = e*/? or o(t) = —2cos(t/2),v(t) = —e*/? and in both cases
o(t) is negative on some real multi-interval. A

Consider now the matrix A(z) and its 27 periodic counterpart A (Q2) = A(e?*?). From
(5) there exists an analytic SVD A(Q) = U(Q)Z(Q)V (), but we do not have any
prior information about the periodicity of the factors (or if they are periodic at all).
From [27] it has been shown that such a decomposition exists where all the factors are
2L periodic for some positive integer L, so that one can reconstruct the decomposition
A(z) = UEYE)B(2Y/E)VP(21/F) in Puiseux series of index L. In the following we study
the periodicity of each singular value and vector, and we show that when the period of
0;(Q) is less than 27 L then its left and right singular vectors can present the same period
of 0;(2) or even half of it.

Please cite this article in press as: G. Barbarino, On the periodicity of singular vectors and the
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2.1. Multiplexing and sign changes

The necessity of using the Puiseux series to find a SVD as in (1) is due to the possibility
of the singular values being multiplexed or having a sign change. Recall that the sign
problem is already present in the analytic SVD (5) and the matrix in Example 1 already
exhibits this issue:

Example 2. Take A(z) = 1 + z, whose associated matrix A(Q2) = 1 + /@ =
2cos(Q/2)ejQ/2 is the same as Example 1. Its only possible singular value, up to the
sign, is thus o(2'/2) = 2cos(Q/2) = 72 4 =7%/2. A

Given a matrix A(z) and the analytic SVD A(Q) = U(Q)XZ(Q)V(Q)#, we can always
suppose that all the analytic singular values o;(£2) are nonnegative in a small enough right
interval of zero, i.e. [0, €], up to a constant +1 diagonal matrix that can be multiplied
to U(Q) and X(12). In particular, this choice assures us that if ¢;(Q) # 0;(Q2), then
loi ()] # |o;(€2)], because otherwise they would coincide on the interval [0, €]. Call then
01(2),. .., 0,(€) the distinct non identically zero singular values of A(£2) and, if it exists,
its zero singular value o¢(£2) = 0.

Let now £y be a point such that all distinct singular values o;(Q2) have different
absolute value when evaluated on g and o;(€) # 0 for every ¢ = 1,...,p. Notice that
due to the analiticity of the singular values and of the zero function, 2y can be almost
every real number, since the set of values €2 for which two distinct real analytic functions
take the same absolute value is discrete.

Notice that the absolute values of the diagonal entries of 3(£2) are always the classical
singular values of A (), and since it is 27 periodic, then A(Qy) = A(Q + 27) so X(Qp)
and (o + 27) must contain the same diagonal entries up to signs and permutations.
In particular, this shows that

o the number of zero diagonal entries of 3 () and X (€ + 27) is the same and equals
the multiplicity of the identically zero singular value of A(f2), whereas 0;(€g) # 0 #
0i(Qo + 27) for every i = 1,...,p,

o if |0;(Qo + 2m)| # |0:(Qo)| then there exists j # i such that |o;(Qo)] = |03 (Qo + 27)|
and they have the same multiplicity ¢; = ¢;,

 there exists a unique permutation 7 of the indexes of the non identically zero singular
values such that |0,y ()| = |04(Q0 + 27)| for all i = 1,...,p,

o since g can be almost every real number, and all |0;(£2)| are at least continuous,
then [0, (;)(Q)] = |03 (Q + 27)|.

Up to a renaming of the indexes, we can always suppose 7 = (1,...,k1)(k1 +1,..., k1 +
ka)...(p—kr+1...,p), meaning that the permutation 7 partitions the p distinct singular
values into R sets, or orbits, indexed by v = 1,..., R, each of cardinality k,, and cyclically
shifts them. Moreover, up to changing the global sign of some of the singular values, we

Please cite this article in press as: G. Barbarino, On the periodicity of singular vectors and the
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can drop almost all the absolute values in the above relation, except the one that links
the last element of each cycle to the first. For example, looking at the first set, we find
that

0i+1(Q) = 0,(Q + 27), Vi=1,...,k — 1,
|01 (D] = ok, (2 + 27)| = [01(Q2 + 27k )], (6)

and since 01(Q) is analytic and non identically zero, then there exists k1 € {1,2} such
that

o1(Q) = (=)o (Q + 27ky) = 01 (Q + 27k1 K1),
and the same applies to all other singular values in the same set, i.e.
ai(Q) = (=1)" Loy (Q+ 27ky) = 0;(Q + 27k k1) (7)

for every ¢ = 1,...,k;. As a consequence all singular values of each v-orbit of 7 have
period 27k, k, where k, is the multiplexing index and at the same time the size of the
v-set, whereas k, € {1,2} and it encodes the possible sign change. When &, = 1, we
say that the singular values of the v-set are k,-multiplezed, and if additionally k, = 2,
we say that they are signed k,-multiplexzed. Notice that any (signed) k,-multiplexed
singular value is 27k, k, periodic and thus admits a Puiseux series in 2/ (kb)) For a
more detailed exploration of multiplexed systems, see [27].

Example 3. Consider the matrix A(z)

2 V2 V2 0
V2271 3 -1 V2(1 + 2)
V2271 -1 3 —V2(1+ 2)

0 V2(1+z7Y) —V2(1+27Y) 4

whose real-variable equivalent A () has analytic singular values o1(Q2) = 4cos(€2/4),
02(2) = 4sin(2/4), 03(Q) =4+ 4cos(2/2) and 04(2) = 4 — 4 cos(§2/2), represented in
Fig. 1. Notice that
|01 (2 + 27)[ = 4] cos(Q/4 + m/2)| = |o2(Q)],
(2 +2m)| = 4]sin(Q/4 + 7/2)| = [o1(Q)],
los (2 +27)| = [4 + 4cos(Q/2 + 7)| = |oa(Q)],
|oa(Q2+2m)| = |4 — 4 cos(2/2 + )| = |os(

fep

so that the resulting permutation is 7 = (1,2)(3,4) and k; = ks = 2. Regarding the sign
change, it is enough to test it on o7 and o3:

Please cite this article in press as: G. Barbarino, On the periodicity of singular vectors and the
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o1(Q+4m) = 4dcos(R/4+ 7) = —01(Q),

o3(Q+4m) =4+ 4cos(2/2 4 2m) = o5(),

showing that kK, = 2, kg = 1. In fact o7 and o9 have period 27kix; = 87 and are signed
2-multiplexed, whereas o3 and o4 have period 2mwkaks = 47 and are 2-multiplexed. A

2.2. Periodicity of the singular vectors

Let us now focus on the periodicity of the singular vectors. In the previous section
we showed that each singular value has periodicity 27k, k,, where k, is the size of the
multiplexed set and k, takes care of the possible sign change.

From [27] we know that any A(z) admits a SVD in Puiseux series with index L =
lem{kik1,...,krKr}, where R is the number of the orbits of the associated permutation.
The SVD can be reformulated with the associated real-variable matrices as A(Q2) =
U(Q)Z(Q)V(Q)H where all the factors have period 27 L, but in general the elements of
3(Q) have smaller periods 27k, k..

Here we prove that one can always take U(£2) such that the left singular vectors
associated to (signed) k,-multiplexed singular values are in turn k,-multiplexed, i.e. if
(ryr+1,...,7+ k, — 1) is the orbit of the singular value ¢;(Q2) and U;(2) are the left
singular vectors in U(Q2) associated to 0;(£2), then

e Uy(Q+42m)=Us1(Q) for s=r,...,r+k, — 1,
e Ui, 1(0+27) = U, (@),

and in particular U;(Q) is 27k, periodic.

At the same time, one can always take V(§2) such that right singular vectors associated
to (signed) k,-multiplexed singular values are in turn (signed) k,-multiplexed, i.e. if
V;(Q) are the right singular vectors in V(£2) associated to ¢;(2), then

e V.(Q+2m) =V, 1 (Q) fors=r,...,r+k, — 1,
. Vr-i-kl,—l(Q + 27'[') = (—1)”1_1\/‘7“(9),

and in particular V;(Q) is 27k, x; periodic.

The following proof coincides in part with Theorem 2 in [27] and Theorem 3.14 in [3].
We make use of Proposition 3.9 of [3], where it is proved that for any para-Hermitian
matrix A(z) there exists an EVD A(Q) = W(Q)D(Q)W(Q) where the eigenvectors
in W() have the same period as the respective eigenvalues on the diagonal of D(),
and from the proof of Theorem 3.14 in the same document, we can also suppose that
the eigenvectors W,;(Q2) relative to an eigenvalue \;(2) are k,-multiplexed when the
eigenvalue itself is k,-multiplexed.

Please cite this article in press as: G. Barbarino, On the periodicity of singular vectors and the
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Theorem 2. For an analytic matriz A(z), there exists an analytic SVD on the unit cir-
cumference

A7) = Q@ V)",

where the diagonal matriz 3(2) may have negative entries and contains the singular
values of A(Q) up to the sign. Moreover, each non identically zero singular value o;(2)
in 3(Q) is (signed) k,-multiplexed and

o the associated left singular vectors U;(Q) are k,-multiplezed, and in particular 27k,
periodic,

e the associated right singular vectors V;(Q) are (signed) k,-multiplexed, and in par-
ticular 27k, k, periodic.

Proof. From Theorem 1, the SVD A(Q) = U(Q)Z(Q)V(Q)H presents non identically
zero singular values that are 27k, k, periodic depending on the orbits of the permutation.
Without loss of generality, suppose the permutation is 7 = (1,...,k)(k1+1,...)... and
notice that from (7),

0i(Q)?* = 04(Q + 27k,)? Vi,

i.e., the square of all singular values are 27k, periodic. Both Ry (2) := A(2)AF(2) and
R2(2) := AP(2)A(z) are positive semi-definite para-Hermitian matrices and have the
same non identically zero analytic eigenvalues \;(2) that are the square of the non
identically zero singular values in 3(2). We can always suppose, up to a sign change,
that X(2) > 0 on a small interval Q € [0,¢], so that if 0;(Q) = —0;(Q) for all Q,
then necessarily 0; = 0; = 0. As a consequence, there’s a unique way to associate
the non identically zero singular values ¢;(€2) to the non identically zero eigenvalues
Ai(Q) = 0;(Q)? and in particular they have the same multiplicity, and if o;(£2) is (signed)
k,-multiplexed, then the eigenvalue A;(Q2) is k,-multiplexed with the same orbit. One
can thus write down the EVD of the para-Hermitian matrices as

where the eigenvectors in Q1(Q2) and Q2(£2) relative to the eigenvalue A;(2) # 0
have the same period 27k, and are k,-multiplexed when X;(2) and o;(2) are k,-
multiplexed, and D1 (), D2(Q) present in order the same non identically zero eigen-
values on their diagonals. From (4), we can then formulate a SVD of A(f2) as A(Q)) =
Q1 () (Q)T(Q)QH () only for the Q where X(Q) > 0, but if some singular value is
negative, we can always multiply a diagonal +1 matrix to ¥(Q) that keeps it unitary
and with the same blocks on the diagonal. Moreover, we can always suppose that the
elements on the diagonal of W(Q) relative to identically zero singular values are just 1.
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Let Qgi)(Q) and [Q2(Q)¥(Q)H)® = g) ()T, () be the left and right singular
vectors relative to the non identically zero singular value o;(€2). Recall that up to a
negligible set, for all @ € R the values |0;(€)| are distinct, so from now on we always
suppose that it holds. As a consequence, by the uniqueness of (3) and the analytic SVD
AQ)=UQ)Z(Q)V(Q)H we have

QY (@)w:(2)Q ()" = Ui V()"
= ¥;(Q) = Q" (" UV Q) (),
proving that each block of ¥(Q2), and thus the whole ¥(€), is also analytic.

We can thus consider the two unitary analytic matrices U(Q2) := Q1 (€2) and V(Q2) :=

Q2(2)¥ () and form the analytic SVD A(Q2) = U(Q)E(Q)V(Q) where U(Q) already

satisfies the thesis. Recall that the permutation is 7 = (1,...,k1)(k1 +1,...)..., so we
can focus on the first set of multiplexed singular values, for which we can always suppose

0i4+1(Q) = 0:(Q + 27), Vi=1,...,k — 1,
ai(Q) = (=1)" oy (Q + 21ky), Vi=1,...,ki.

As a consequence, from the uniqueness of the decomposition (3), the 27 periodicity of
A(Q), and the fact that U;(£2) is k,-multiplexed we find that

= Ui (Vi ()7

forany i =1,...,k; — 1 and

U;(Q)Vi(Q 4 2rk) T = U (Q + 27k ) Vi (Q + 27k )
= (1)U V()
- Vl(Q + 27Tk51) = (—1)5171\71'(9)

for any i = 1,..., k1. Repeating the same steps for all orbits, the thesis is proved.

Example 4. Let A(z) be the same matrix as in Example 3 and consider the unitary
matrices

V2 V2 0 0

1| e 72 _e=i9/2 1 1
U(Q) = 3 | ez _ oo 1 1 )
0 0 V2eIY2Z \f2e770/2
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feﬁj“ ]\/_67271 0 0
1 —Jj/4 —je 7 4 1 1
V(Q> = 5 e —jQ/4 7]'67]’9/4 -1 -1

0 0 V2e T2\ f2e7I0/2

Then A(Q) = U(Q)Z(Q)V(Q) and the singular values on the diagonal of 3(f2) are in
order 01(Q) = 4cos(Q2/4), 02(Q) = —4sin(Q/4), 03() = 4 + 4cos(2/2) and 04(Q) =
4—4 cos(£2/2). In this case 01(2) and 02(Q) are signed 2-multiplexed, and in fact U (Q),
U, () are 2-multiplexed since

Ul(Q + 47T) = UQ(Q + 2’/T) = Ul(Q)
and V1(Q2), Vo(Q) are signed 2-multiplexed since
Vl(Q + 47T) = VQ(Q + 27T) = —Vl(Q)

Similarly, 03(Q?) and 04(€2) are 2-multiplexed, and in fact one can check that Us(Q),
U4(Q), V5(2), V4(Q) are all 2-multiplexed. A

3. Diagonal complex decomposition

Here we discuss how to replace the signed multiplexed singular values and vectors
with non-signed ones, in fact raising the regularity of the involved quantities by reducing
their periods by a factor 2. In exchange, we have to admit that the singular values may
be complex-valued. In fact, if 01(Q2),...,0,(2) and the relative right singular vectors
in V(Q) in the decomposition of Theorem 2 are signed k-multiplexed, then s;(Q) :=
0 (Q)ed/ R GET and Vi(Q) = Vi(Q)e?¥ R it are just k-multiplexed, where w,, :=
e?™/P and |s;(Q)| = |04(Q)| are the singular values of A(2). As a consequence, it is
sufficient to multiply 3(€2) and V(£2) by an opportune unitary matrix to get rid of the
sign change in the multiplexed singular values and vectors.

Theorem 3. For an analytic matriz A(z), there exists an analytic complex diagonalization
on the unit circumference

A() = U@Q)S( V)T,

where the diagonal matriz S(Q) may have complex entries whose absolute values are the
singular values of A(Q) and U(R), V(Q) are unitary. Moreover, if the non identically
zero singular value o;(2) is (signed) k,-multiplexed, then the relative non identically zero
entry s;()), the associated left singular vectors U;(Q) and the associated right singular
vectors V;(Q) are all k,-multiplexed, and in particular 27k, periodic.

Proof. Thanks to Theorem 2, there always exists an analytic decomposition

A(Q) = U@V,
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where for each (signed) k,-multiplexed non identically zero singular value ¢;(Q) in 3(Q),
the associated left singular vectors U;(f2) are k,-multiplexed, and the associated right
singular vectors V() are (signed) k,-multiplexed.

Let us now focus on the first set of singular values 0;(Q) with 1 < i < ky that
are (signed) kj-multiplexed and define s;(f2) := ai(Q)ejQ/(kl“l)w};;l. All 5;(Q) are kq-
multiplexed since

$i(Q1427) =0;(Q + 2ﬂ)ej9/(k1“1)wkl,§lw,:,il

:0i+1(9)€m/(hm>w/im1 = 5i4+1(2)
fori=1,...,ky —1 and

$i(Q+27ky) =0;(2 + 27rk1)ej9/(k1’“)ejg’r/"“lw?l

1Rk1
= oi(Q)em/(kl“l)w,ﬁjl = 5i(2)

for ¢ = 1,...,k;. Using the same reasoning, one can prove also that V;(Q) :=
V()Y (kl"l)wzzil are ki-multiplexed. Repeating the same reasoning for all the (copies
of all) the orbits of 7, we find a decomposition of the form

AQ) = Y s U@V = U(@Q)S(Q)V(9)7

with diagonal complex matrix S(€).

Example 5. Let A(z) be

A= g (TR D ),

that has left and right singular vectors

1 j(e—j2Q + ejQ/Q) j(e—jZQ _ ejQ/z)
U(Q) = 5 |7 ez _ o2 e—920 | pi9/2 " |

1 \/Ee‘—jQ/4 _\/2]6—]9/4 0
V(Q) pp— e—J3Q/4 je—]3ﬂ/4 \/i
o—i39/4 jeis/4 /3

and SVD A(Q) = UQ)Z(Q)V(Q)H with ¢1(Q) = 2cos(2/4), 02(2) = —2sin(Q2/4). In
this case 01(€2) and 02(Q) are signed 2-multiplexed, so k1 = k1 = 2. Moreover, U;((),
Uy (Q) are 2-multiplexed and V1(Q), Vo(Q) are signed 2-multiplexed. We eliminate the

sign ambiguity in transforming the singular values into s;(€2) by multiplication with
eIV (kima) =1 — 7 2/45i=1  thus
1K1

51(9) = o1 (@)Y = 2¢08(/4)PV, 52(Q) = 05()/Y 1] = —25in(Q/4)eI ;.
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Notice that they are 2-multiplexed without the sign ambiguity since

51(Q+ 27) = 2cos(Q/4 + 1/2)? VA2 = _95in(Q/4)e? 1 j = 5,5(Q),
59(Q + 2m) = —2sin(Q/4 + 7/2)eYVATIT/2§ = 9 cos(Q/4) 7 = 51(Q).

If S(Q2) is a diagonal matrix with s;(2) as diagonal elements, then

0I/4 H

A(Q) = U©)S(Q) Ly v(Q)!

where the first two columns of the unitary matrix

6jQ/4 1 \/§ \/i 0
V(Q) eI/ =~ | iz _emivrz 3
1 2\ iz _e-iv2 5

are now 2-multiplexed with no sign ambiguity. A

4. Diagonal pseudo-circulant decomposition

The multiplexed singular values are tightly linked to the eigenvalues of certain struc-
tured matrices, called pseudo-circulant, that are 2w periodic N x N normal matrices
C(92) for which there exist analytic 27 periodic functions ¢o(0),...,¢n_1(6) such that
C(9) is in the form

d)o(ﬂ) eijQqﬁN_l(Q) - eijﬂ(bl (Q)
$1(9) $0(2) '
eijﬂ(bN—l(Q)
dN-1() e $1(2) $0(2)

One can prove that the eigenvalues A;(€2) are all N-multiplexed and all pseudo-circulant
matrices are diagonalized by the same unitary transformation

W (Q) := diag(e’ N n 1Fn = Dy(Q)Fy, (8)

where Fp is the N x N unitary Fourier matrix. The eigenvalues can be expressed in
term of the ¢ (2) as

N-1
— ki
e ij/N¢ )wN 7.7

k=0

where wy = e/2™/N
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Moreover, any set {A1(R2),...,An(Q)} of analytic N-multiplexed functions is the set
of eigenvalues for some pseudo-circulant matrix, i.e.

Wy () diag(Ak(2))x=1,.. n W ()"

is always pseudo-circulant. The functions ¢ (£2) can be expressed in terms of the eigen-
values as

N-1

1 . )

k() = /N Y A Q.
1=0

An important technical result in [3] proves that the columns of Wx(Q) are N-
multiplexed, i.e.

WN(Q+27T) :WN(Q)PN, (9)
where Py is the constant permutation matrix

1
(10)
1

The proof of the main result showing the existence of the holomorphic pseudo-circulant
block decomposition follows the same arguments of Theorem 3.14 in [3]. The main idea
is to group the multiplexed singular values in the diagonal complex decomposition from
Theorem 3 and apply the base change W(Q2) to make them block pseudo-circulant.
Notice that this wasn’t possible to achieve in presence of signed multiplexed singular

values. The unitary matrices undergo the same base change, but since they are also
multiplexed thanks to Theorem 3, they also become 27-periodic.

Theorem 4. For an analytic matriz A(z), there exists an analytic decomposition
A(2) = U(2)C(2)V(2)"

with para-unitary matrices U(z), V(z) and pseudo-circulant block-diagonal matriz C(z),
where each block has size k,, corresponding to a set of (signed) k, singular values.

Proof. Thanks to Theorem 3, there always exists an analytic decomposition

A(Q) =U(@Q)SOQV(Q)",

where for each k,-multiplexed non identically zero singular value s;(€2) in S(Q), the
associated left singular vectors U;(Q2) and the associated right singular vectors V;(£2)
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are all k,-multiplexed. More importantly, there are no singular values nor singular vectors
that are signed multiplexed.

If g is the multiplicity of the singular value s1(€2), then there are ¢ identical copies of
the first set of singular values, and ¢ is also the number of columns in V;(2) and 62(9) for
i=1,...,k1. When reordering the repeated singular values into forming the ¢ identical
multiplexed sets, we can always suppose that the ¢-th copy of the set corresponds to the
singular vectors V1 (€) and Uy () residing in the #-th columns of V;(€2) and U;(Q).

More specifically, if ¥1(€2) is the t-th column of V;(Q), then V,1(Q) := [¥{(),...,
V., ()] and analogously with u(9), U;(Q) and U1 (Q) = [@L(Q),.. Sy (Q)]. The
indexes t, 1 indicate that among the singular values in the first k- multlplexed orbit of
the permutation 7, we are investigating the ¢-th copy.

By hypothesm the columns of V;1(f2) and ﬁt’l(Q) are ki-multiplexed for any t, so
Utﬁl(Q +27) = Ut 1(Q)Py, and the same with V;1(Q) where Py, is the permutation
matrix in (10). Focusing on ¢ = 1, and recalling that also Wy, (Q) defined in (8) is
k1-multiplexed, we have

U1 (QWi, (97 = U1 ()P, PR W, ()7
= ﬁt,l(Q + 27T)Wk1 (Q + 27‘(‘)

and the same applies with V; 1(2) instead of ﬁt,l(Q). As a consequence, we can de-
fine the matrices Uy 1(Q) := U, 1 (Q)Wi, (0 and V,1(Q) := Vi1 (QWy, () that
are both analytic and 27 periodic and with orthonormal columns. If now Aj(z) :=
ding(5:())izr, ., then

where C1(2) :== Wy, (Q)A1(Q)Wy, () is a 27 periodic analytic pseudo-circulant ma-
trix relative to the first set of singular values, since A;(f2) has the diagonal elements
that are kj-multiplexed. Repeating the same reasoning for all the copies of all the orbits
of 7, we find a decomposition of the form

ZUt i(2)Ci(2)V{(2) = U(2)C(2) V" (2)

with pseudo-circulant block-diagonal matrix C(z).

In a sense, the pseudo-circulant decomposition tells us that the only cause of non-
holomorphicity in the SVD is given separately by each multiplexed set of singular values,
and they can be removed simultaneously from the singular vectors and the singular values
by allowing a block diagonal middle matrix with specially structured blocks. Moreover,
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the possibly signed singular values and vectors can be transformed nonetheless into a
pseudo-circulant structure.

Example 6. Let A(z) be as in Example 5. We know that A(Q) = U(Q)S(Q)V(Q)? with

1 [ (e 922 4 i/2) (=320 _ (i/2

U(Q) D) (J(Gjm _ ei/2 ) ]((szﬂ + £99/2 ) )
_(2cos(92/4)ei¥4 0 0

S() := ( 0 —27sin(Q/4)e?¥4 0 )

[ VE VI 0
V(Q) == [ e 72 32 2
eI _oi92 .\ f5

)

where all the s;(2) and the columns Up(Q2), Uy(Q2), V1(Q), V2(Q) are 2-multiplexed.
Since the diagonal entries of S(2) are 2-multiplexed, the base change W2(2) in (8)
transforms it into

e = wa@se) (VAT )= (1] 7).

z

that is block pseudo-circulant with the only pseudo-circulant block relative to the func-
tions ¢o(z) = 1, ¢1(2) = z. As a consequence, one can find the holomorphic pseudo-
circulant decomposition as A(z) = U’(2)C(z)V'(2)¥ with

) = UEwWa) = o (T ).

1 (V2

5. Conclusions

We have studied three different decompositions for possibly rectangular matrices A(z)
that are analytic at least on S'. From the known SVD that is analytic with respect to
2Y/L | but with possibly negative singular values, we have shown how to reduce the pa-
rameter L separately for every singular value, first by halving it by removing the sign
change but relaxing the singular values in the complex plane, and then by transform-
ing the multiplexed singular subspaces into an holomorphic pseudo-circulant structure.
This transformation shows that sign ambiguity plays no role in a possible decoupling
of different multiplexed systems, no matter how they have been interlaced, akin to the
eigenvalue decomposition of para-Hermitian matrices.

Future work will focus on the design of algorithms for the computation of such decom-
positions, in particular how to retrieve the pseudo-circulant factorization without having
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to compute beforehand the singular values. Another feature to be yet studied is the sta-
bility of all these factorizations, whose analysis will be based on the preliminary results
already shown in [3] about the stability of the eigenvalues of para-Hermitian matrices.
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